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Non-Debye dielectric relaxation in complex materials
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Abstract
The paper considers several examples of non-Debye dielectric response in complex heterogeneous media. The
percolation phenomenon and Cole–Cole relaxation in disordered matter are discussed in detail. The proposed models
are illustrated by diﬀerent sample systems: ionic microemulsions, porous glasses, porous silicon, polymer–water mixtures, and polymer–microcomposite materials. The models enable us to establish the relationship between the parameters of dielectric relaxation broadening, structural properties of the media and transport features of charge carriers
in the considered systems. In addition, the origins of ‘‘strange kinetic’’ phenomena were discussed based on statistical
physics and fractional time evolution ideas.
Ó 2002 Elsevier Science B.V. All rights reserved.

1. Introduction
Recent years have witnessed extensive research
of soft condensed matter physics to investigate the
structure, dynamics, and macroscopic behavior of
complex systems (CS). CS are a very broad and
general class of materials that are typically noncrystalline. Polymers, biopolymers, colloid systems
(emulsions and microemulsions), biological cells,
porous materials, and liquid crystals can be considered as CS. All these systems exhibit a common
feature: the new ‘‘mesoscopic’’ length scale, intermediate between molecular and macroscopic. The
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dynamic processes occurring in CS include diﬀerent length and time scales. Both fast and ultra-slow
molecular rearrangements take place within the
microscopic, mesoscopic and macroscopic organization of the systems.
A common theme in CS is that while the materials are disordered at the molecular scale and
homogeneous at the macroscopic scale, they usually possess a certain amount of order at an intermediate, so-called mesoscopic, scale due to a
delicate balance of interaction and thermal eﬀects.
Simple exponential relaxation law and the classical
model of Brownian diﬀusion cannot describe the
relaxation phenomena and kinetics in such materials. This kind of non-exponential relaxation behavior and anomalous diﬀusion phenomena is
today called ‘‘strange kinetics’’ [1].
Generally, the complete characterization of
these relaxation behaviors requires the use of a
variety of techniques in order to span the relevant
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ranges in frequency. In this regard, the Dielectric
Spectroscopy (DS) has its own advantages. The
modern DS technique may overlap extremely wide
frequency (106 to 1011 Hz) and temperature ()170
to +500°C) ranges [2–4]. DS is especially sensitive
to intermolecular interactions and is able to
monitor cooperative processes at the molecular
level. Therefore, this method is more appropriate
than any other to monitor such diﬀerent scales of
molecular motion. It provides a link between the
investigation – via molecular spectroscopy – of the
properties of the individual constituents of
the complex material and the characterization of
its bulk properties. The recent successful developments of the Time Domain Dielectric Spectroscopy (TDDS) method and Broadband Dielectric
Spectroscopy (BDS) have radically changed the
attitude towards DS; it is now recognized as an
eﬀective investigative tool for research on solids
and liquids at macroscopic, microscopic and
mesoscopic levels.
It is known that when an external ﬁeld is applied to the dielectric, polarization of the material
reaches its equilibrium value, not instantly, but
over a period of time. By analogy, when the ﬁeld is
removed suddenly, the polarization decay caused
by thermal motion follows the same law as the
relaxation or decay function of dielectric polarization /ðtÞ:
/ðtÞ ¼

PðtÞ
;
Pð0Þ

ð1:1Þ

where P is a polarization vector of a sample unit.
The relationship for the dielectric displacement
vector DðtÞ in the case of time dependent ﬁelds
may be written as follows [5,6]:
Z t
dUðt0 Þ
DðtÞ ¼ e1 EðtÞ þ
Eðt  t0 Þ dt0 :
ð1:2Þ
0
1 dt
In (1.2) DðtÞ ¼ e0 EðtÞ þ PðtÞ, where e0 is the
dielectric permittivity of free space, e1 is the highfrequency limit of the complex dielectric permittivity e ðxÞ, and UðtÞ is the dielectric response
function UðtÞ ¼ ðes  e1 Þ½1  /ðtÞ , where es is the
low-frequency limit of the complex dielectric permittivity. The complex dielectric permittivity e ðxÞ
is connected with the relaxation function by a very
simple relationship [5,6]



e ðxÞ  e1 ^
d
¼ L  /ðtÞ ;
dt
es  e1

ð1:3Þ

where L^ is the operator of the Laplace transform,
which is deﬁned for the arbitrary time-dependent
function f ðtÞ as
Z 1
L^½ f ðtÞ ¼
ept f ðtÞ dt;
ð1:4Þ
0

where p ¼ ix and iis the imaginary unity.
If
/ðtÞ ¼ expðt=sm Þ;

ð1:5Þ

where sm represents the characteristic dielectric
relaxation time, then the relation ﬁrst obtained by
Debye is true for the frequency domain [5–7]
e ðxÞ  e1
1
¼
:
1 þ ixsm
es  e1

ð1:6Þ

For most of the systems being studied, the relationship above does not suﬃciently describe the
experimental results. This causes the necessity for
empirical relationships, which formally take into
account the distribution of the relaxation times. In
the most general way such non-Debye dielectric
behavior can be described in terms of a continuous
distribution of relaxation times, gðsÞ [6]. This implies that the complex dielectric permittivity can be
presented as follows:
Z 1
e ðxÞ  e1
gðsÞ
ds;
ð1:7Þ
¼
1 þ ixs
es  e1
0
where distribution function gðsÞ satisﬁes the normalization condition
Z 1
gðsÞ ds ¼ 1:
ð1:8Þ
0

The corresponding expression for the decay function is
Z 1
gðsÞet=s ds:
ð1:9Þ
/ðtÞ ¼
0

It must be clearly understood that by virtue of the
univalent relationship (1.3) between frequency and
time representation the gðsÞ calculation does not
by itself provide anything more than another
way of describing the dynamic behavior of the
dielectric in time domain [8]. Moreover, such a
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calculation is a mathematically ill-posed problem
[9,10], which leads to additional mathematical
diﬃculties. On some occasions, a frequency data
analysis can provide a clearer physical interpretation [10,11]. In most cases of non-Debye dielectric
spectrums the data have been described by the socalled Havriliak–Negami (HN) relationship
[6,7,12]
es  e1
e ðxÞ ¼ e1 þ
; 0 < a; b < 1:
a b
½1 þ ðixsm Þ
ð1:10Þ
Here a and b are empirical exponents. The speciﬁc
case a ¼ 1; b ¼ 1 gives the Debye relaxation law,
b ¼ 1; a 6¼ 1 corresponds to the so-called Cole–
Cole (CC) equation [13], whereas the case
a ¼ 1; b 6¼ 1, corresponds to the Cole–Davidson
(CD) formula [14].
Sometimes in the case of superposition of relaxation processes with dc and ac conductivities
the high and low frequency asymptotic forms
are usually assigned to Jonscher power-law wings
ðn 1Þ
ðixsi Þ i (ni is a Jonscher stretch parameter, and
si is the correspondent characteristic relaxation
time) [15,16]. Notice that the real part e0 ðxÞ of the
complex dielectric permittivity is proportional to
the imaginary part r00 ðxÞ of the complex ac-conductivity r ðxÞ, e0 ðxÞ / r00 ðxÞ=x, and the dielectric losses e00 ðxÞ is proportional to the real part
r0 ðxÞ of the ac conductivity, e00 ðxÞ / r0 ðxÞ=x. The
latter arises from the Jonscher term and has the
form, r0 ðxÞ / xuj , which has been termed ‘‘universal’’ due to its appearance in many types of
disordered systems [17,18]. Progress has been
made recently in understanding the physical signiﬁcance of the empirical parameters a; b and exponents of Jonscher wings [19–22].
An alternative approach to DS study is to examine the dynamic molecular properties of a substance directly in time domain. Relation (1.3) shows
that the equivalent information on the dielectric
relaxation properties of a sample being tested can be
obtained in both frequency and time domains.
In the linear response approximation, the ﬂuctuations of polarization caused by thermal motion
are the same as for the macroscopic reconstruction
induced by the electric ﬁeld [23,24]. Thus, one can
equate the relaxation function /ðtÞ and the mac-
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roscopic dipole correlation function (DCF) WðtÞ as
follows:
/ðtÞ ﬃ WðtÞ ¼

hMð0ÞMðtÞi
;
hMð0ÞMð0Þi

ð1:11Þ

where MðtÞ is the macroscopic ﬂuctuating dipole
moment of the sample volume unit, which is equal
to the vector sum of all the molecular dipoles. The
rate and laws governing the DCF WðtÞ are directly
related to the structural and kinetic properties of
the sample and characterize the macroscopic
properties of the system under study. Thus, the
experimental function UðtÞ and hence /ðtÞ or WðtÞ
can be used to obtain information on the dynamic
properties of the dielectric under investigation.
The dielectric relaxation of many complex systems
deviates from the classical exponential Debye
pattern (1.5) and can be described by the Kohlrausch–Williams–Watts (KWW) law or the
‘‘stretched exponential law’’ [25,26]
  m 
t
/ðtÞ ¼ exp 
ð1:12Þ
sm
with a characteristic relaxation time sm and empirical exponent 0 < m 6 1. The KWW decay
function can be considered as a generalization of
Eq. (1.5) that becomes Debye law when m ¼ 1.
Another common experimental observation of
DCF is the asymptotic power law [15,16],
 l
t
/ðtÞ ¼ A
; t P s1 ;
ð1:13Þ
s1
with amplitude A, exponent l > 0 and a characteristic time s1 which is associated with the eﬀective
relaxation time of the microscopic structural unit.
This relaxation power law is sometimes referred to
the literature to describing anomalous transport
when the mean square displacement does not obey
the linear dependency hR2 i  t. Instead, it is proportional to some power of time hR2 i  tc
ð0 < c < 2Þ [27–29]. In this case, the parameter s1
is an eﬀective relaxation time, which corresponds
to the charge carrier motion of an average displacement equal to the size of the minimal structural unit. A number of approaches exist to
describe such kinetic processes: Fokker–Planck
equation [30], propagator representation [31],
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diﬀerent models of dc and ac conductivities [17,22],
etc.
In frequency domain, Jonscher power-law
wings evaluated by ac-conductivity measurements.
In particular, it treat to anomalous diﬀusion as a
random walk in fractal geometry or as a thermally
activated hopping transport mechanism [32]. An
example of a phenomenological decay function
that has diﬀerent short- and long-time asymptotic
forms (with the diﬀerent characteristic times) can
be presented as follows [33,34]:
  m 
 l
t
t
/ðtÞ ¼ A
exp 
:
ð1:14Þ
s1
sm
This function is the product of KWW and powerlaw dependencies. The relaxation law (1.14) in
time domain and the HN law (1.10) in frequency
domain are rather generalized representations that
lead to the known dielectric relaxation laws. The
fact that these functions have the power-law asymptotic inspires numerous attempts to establish a
relationship between their various parameters
[11,35]. In this regard, the exact relationship between the parameters of (1.14) and the HN law
should be a consequence of the Laplace transform
according to Eq. (1.3) [6,8]. However, there is
currently no concrete proof that this is indeed so.
Thus, the relationship between the parameters of
decay function (1.14) and the HN law seems to be
valid only asymptotically.
In this contribution, we will to consider the
experimental evidence of non-Debye dielectric responses in several complex disordered systems
such as microemulsions, porous glasses, porous
silicon, aqueous solutions of polymers and composite materials. The purpose of this paper is to
describe how DS can be utilized to investigate
complex systems to obtain information regarding
molecular mobility and the mesoscale structure
from the dielectric data.

2. Dielectric relaxation in ionic microemulsions near
the percolation threshold
Microemulsions are thermodynamically stable,
clear ﬂuids composed of oil, water, surfactant, and
sometimes a co-surfactant. They have been widely

investigated during recent years because of their
numerous practical applications. The chemical
structure of surfactants may be low-molecular
weight as well as polymeric, with non-ionic or ionic components [36–38]. In the case of an oilcontinuous water in oil (W/O) microemulsion, at
low concentrations of the dispersed phase, the
structure is that of spherical water droplets surrounded by a monomolecular layer of surfactant
molecules whose hydrophobic tails are oriented
towards the continuous oil phase [38–41].
The structure of the microemulsion depends on
the interactions between droplets. In the case of
repulsive interactions, the collisions of the droplets
are short and no overlapping occurs between their
interfaces. However, if the interactions are attractive, transient droplet clusters are formed. The
number of such clusters increases when the water
fraction, the temperature, the pressure, or the ratio
of water to surfactant is increased, leading to a
percolation in the system [42–48]. The percolation
behavior is manifested by the rapid increase in the
dc-electrical conductivity r and the static dielectric
permittivity es as system approaches the percolation threshold (Fig. 1).

Fig. 1. The percolation behavior in AOT–water–decane microemulsion (17.5:21.3:61.2 vol%) is manifested by the temperature dependencies of the static dielectric permittivity es ðN
left axis) and conductivity r ( right axis). Ton is the temperature
of the percolation onset; Tp is the temperature of the percolation
threshold. Insets are schematic presentations of the microemulsion structure far below percolation and at the percolation
onset. (From [51]. With permission from Elsevier Science B.V.)
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The dielectric relaxation properties in a sodium
bis(2-ethylhexyl) sulfosuccinate (AOT)–water–decane microemulsion near the percolation temperature threshold have been investigated recently in
the broad temperature region [43,44,49]. The dielectric measurements of ionic microemulsions
were carried out using the TDDS in a time window
of 1 ls.
It was found that the system exhibits a complex
non-exponential relaxation behavior that is
strongly temperature dependent (Fig. 2). An interpretation of the results was done in the framework of the dynamic percolation model [50].
According to this model, near the percolation
threshold, in addition to the fast relaxation related
to the dynamics of droplet components (s1 ﬃ 1 ns)
[51], there are at least two much longer characteristic time scales. The longest process has a
characteristic relaxation time greater than a few
microseconds and is associated with the rearrangements of the typical percolation cluster. The
temporal window of the intermediate process is a
function of temperature. This intermediate process
reﬂects the cooperative relaxation phenomenon associated with the transport of charge carriers along
the percolation cluster [50,52,53]. Thus, due to the
cooperative nature of relaxation, the DCF decay
behavior contains information regarding the
transient cluster morphology at the mesoscale that
reﬂects the dynamical character of percolation.

The type of the relaxation law seen in time
domain is strongly dependent on the distance from
the percolation threshold. Fig. 3 shows in log–log
coordinates that at the percolation onset temperature (14 °C) the relaxation follows a fractional
l
power law: WðtÞ  ðt=s1 Þ . By the same token, in
the coordinates log W versus logðt=s1 Þ in the close
vicinity of the percolation threshold Tp ¼ 26:5 °C,
the relaxation law changes from a power law
to stretched exponential behavior, i.e., WðtÞ 
m
exp½ðt=sm Þ (see Fig. 4). In the crossover region

Fig. 2. The dipole correlation function wðt=s1 Þ for diﬀerent
temperatures. The percolation threshold temperature Tp ¼
26:5 °C.

Fig. 4. The dipole correlation function wðt=s1 Þ demonstrates
KWW behavior near the temperature of the percolation
threshold ðTp ¼ 26:5°C).

Fig. 3. The dipole correlation function wðt=s1 Þ demonstrates
the power-law behavior for the temperature region near the
percolation onset (Ton ¼ 14 °C).
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the relaxation law is considered to be a product of
both the power law and stretched exponential
terms described by Eq. (1.14).
The results of the ﬁtting of the experimental
dipole correlation functions to Eq. (1.14) are
shown in Figs. 5 and 6. One can see (Fig. 5) that
the magnitude of the parameter l decreases to
almost zero as the temperature approaches that of
the percolation threshold. This eﬀect conﬁrms the
statement mentioned above that at the percolation
threshold temperature the behavior of the dipole

Fig. 5. The temperature dependence of the exponents l (j) and
m (.) illustrate the transformation of the dipole correlation
function wðt=s1 Þ from the power-law pattern to the KWW behavior at the percolation threshold.

correlation function is of the KWW type. The
stretched parameter m changes its value from 0.2
near the percolation onset to 0.8 in the vicinity of
percolation threshold. Notwithstanding the value
of m is not equal to zero at percolation onset, note
that the stretched exponential term with m ¼ 0:2
changes insigniﬁcantly in the considerable time
interval (1 ls) and the decay of DCF wðtÞ is
governed mainly by the power law.
Fig. 6 plots the relaxation time, sm= s1 and the
amplitude A corresponding to the macroscopic
relaxation time of the decay function determined
by Eq. (1.14). Near the percolation threshold,
sm= s1 exhibits a maximum and reﬂects the wellknown critical slowing down eﬀect [54].
A description of the mechanism of the cooperative relaxation in the percolation region was
presented recently [44]. In the framework of the
theory of cooperative relaxation, it was shown that
the macroscopic dipole correlation function wðtÞ
of the system is given by
  m
 
t
t
WðtÞ ¼ exp 
þB
;
ð2:1Þ
sm
s1
where sm ¼ s1 W 1=m , and the microrelaxation time
s1 describes the charge transfer between two
neighboring droplets. The coeﬃcient W ¼
W ½G; N ; k; m depends on the scaling parameter k,
on the number of cluster self-similarity stages N,
and it is a functional of the microscopic relaxation
function GðtÞ. The latter describes the elementary
act of a charge transfer. Coeﬃcient B is the correction for the KWW function at short-time intervals. Parameter m in (2.1) characterizes the
cooperative dynamics and structure of the fractal
clusters. The relationship between exponent m and
the fractal dimension Ds of the recursive fractal is
given by [44]
Ds ¼ 3m:

Fig. 6. The temperature dependencies of the parameter sm (
left axis) and A (N right axis), obtained by the ﬁtting of the
relaxation-law (1.14) to the experimental data.

ð2:2Þ

However, the recursive model describes neither the
cluster polydispersity (cluster size distribution),
nor the relaxation of the individual cluster.
Therefore, it is expedient to use the complementary
model in order to estimate cluster statistics and
dynamics in more detail. Such a model might be
developed in the framework of the general statistical description.
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To describe the percolation phenomenon in
ionic microemulsions in terms of the macroscopic
DCF, the geometrical substrate of the static lattice
site percolation model may be used. In this model
the statistical ensemble of various size clusters can
be presented by the distribution function as follows [55]:


s
wðs; sm Þ ¼ Cw  sX exp 
:
ð2:3Þ
sm
Here Cw is the normalization constant, X is a
scaling exponent of the probability ‘‘per lattice
site’’ that the site, chosen randomly, belongs to the
s-cluster (a cluster that spans s lattice sites). The
value sm is corresponds to the maximal cluster size
[55,56].
We assumed that the mesoscopic dipole correlation functions related to the s-cluster of the
geometrical substrate have the simplest exponential form G½z; zs ðsÞ ¼ expbz=zs ðsÞc. Here the dimensionless time z ¼ t=s1 is normalized by the
characteristic relaxation time s1; the time required
for a charge carrier to move the distance equal to
the size of one droplet. Similarly, we introduce the
dimensionless time zs ¼ ss =s1 where ss is the effective correlation time of the s-cluster, and the
dimensionless time zm ¼ sm =s1 . The maximal correlation time sm is the eﬀective correlation time
correspondent to the maximal cluster sm . In terms
of the random walker problem, it is the time required for a charge carrier to visit all the droplets
of a maximal cluster sm . Thus, the macroscopic
DCF may be obtained by the averaging procedure
[57]
h
i Z 1 h
i
W z; zm ðsm Þ ¼
G z; zs ðsÞ wðs; sm Þ ds:
ð2:4Þ
1

Here we present the dynamic percolation process
using the classical static site percolation model
[54,55]. For this purpose, we must be assume the
scaling relationship between sm ; s1 and sm as follows:
sm
¼ sgm ; sm ! 1; g > 0;
ð2:5Þ
zm ¼
s1
where g ¼ 1=Dd is an exponent reciprocal to the
dynamic fractal dimension Dd . In order to retain
the self-similarity of the temporal scaling, the

145

scaling law for the clusters of size s < sm must be
the same as deﬁned by relation (2.5), i.e.
zs ðsÞ ¼ sg :

ð2:6Þ

Taking into account relationships (2.5) and (2.6),
in the limit of a long time z  1, the integration of
(2.4) may be fulﬁlled asymptotically by the saddlepoint method [33]. The main term of the asymptotic expansion is represented as the multiplication
of power and stretch exponential universal relaxation laws:
W z ﬃ Czð12cÞ=½2ð1þgÞ exp½Q  z1=ð1þgÞ
"
!m #
z
l
¼ Az exp 
;
zm

ð2:7Þ

where
Q ¼ ðgsm Þ½g=ð1þgÞ ð1 þ gÞ;

C ¼ Cw K;

and
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2p
K¼
ðgsm Þ½gþ2ð1XÞ =2ð1þgÞ :
gð1 þ gÞ
Using (2.7) it is possible to ascertain the relationship between the structural parameters
g; X; sm; Cw and the set of ﬁtting phenomenological
parameters m; l; zm ; A as follows:
1
 1;
m
1
sm ¼
zm
g

g¼

X¼

l 1
þ ;
m 2

1=g

ð1 þ gÞ

ð1þgÞ=g

;

Cw ¼

A
:
K

ð2:8Þ

Thus, the set of structural parameters obtained by
ﬁtting using relationship (2.8) can be used to reconstruct the cluster size distribution function
wðs; sm Þ and to treat the dynamic percolation in
ionic microemulsions in terms of the classical static
percolation model.
It was shown [57] that the dynamic fractal dimension Dd ¼ 1=g may be associated with the
conventional static fractal dimension Ds . From the
classical static site percolation model, it is known
that Ds can be obtained from the spatial scaling
ð L=lÞ

Ds

/ sm :

ð2:9Þ

Here L is the macroscopic linear lattice size related
to the distance between the internal and external
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electrodes of the cylindrical sample cell and l is the
linear size of the microdroplet (diameter) in the
actual experimental condition [57]. In order to
establish the relationship between Ds and Dd it is
helpful to introduce the dimensionless coeﬃcient
associated with the macroscopic spatial and time
scales of the system as follows:
H¼

ðsm =s1 Þ
:
ðL=lÞ

s1 6 s 6 1:

The static fractal dimension can then be calculated
from the dynamic fractal dimension using the
following formula [57]:
Ds ¼

Dd
:
1  Dd lnln sHm

Another interesting feature of this approach is
the possibility to interpret percolation in microemulsions in terms of the conventional distribution
of relaxation times, gðsÞ. Using relationships (2.3),
(2.5) and (2.6) we can present gðsÞ as follows:
!ð1gXÞ=g
!1=g 3

s
s
5;
exp 
gðsÞ ¼ Cg
s1
sm

ð2:10Þ

For the actual experimental setup, where
L ¼ 2  103 [58], and l ¼ 5  109 [43], the nondimensional lattice size is equal to L=l ¼ 4  105 .
Fig. 7 shows the temperature dependencies of the
static fractal dimensions of the maximal cluster.
Note that at percolation temperature the value of
the static fractal dimension Ds is extremely close to
the classical value 2.53 for a three-dimensional
lattice in the static site percolation model [54].
Moreover, the temperature dependence of the
stretch parameter m (see Fig. 7) conﬁrms the validity of our previous result (see Eq. (2.2)) Ds ¼ 3m
for the percolation cluster [44].

Fig. 7. The temperature dependencies of the static Ds ðMÞ
fractal dimensions and the product 3m (). At the percolation
threshold temperature (Tp ¼ 26:5 °C) Ds ¼ 3m.

ð2:11Þ

Here the normalization constant Cg may be calculated with
R 1taking into account the normalization
condition s1 gðsÞ ds ¼ 1:
 ð1XgÞ=g "
 1=g #!1
sm
sm
C X þ 1;
;
Cg ¼ gsm 
s1
s1
ð2:12Þ
where
Cðq; xÞ ¼

Z

1

y q1 expðyÞ dy

x

is an incomplete Gamma-function.
Fig. 8 shows the relaxation time distribution
g~ðsÞ ¼ gðsÞ=gmax for two typical temperature
values in the percolation onset region ðTon ¼ 14
°C) and the percolation threshold ðTp ¼ 26:5 °C).
In this ﬁgure we plot the distribution function

Fig. 8. The distribution functions g~ðsÞ ¼ gðsÞ=gmax for two
typical temperatures: at the percolation onset Ton ¼ 14 °C ()
and at the percolation threshold Tp ¼ 26:5 °C (). Each distribution function is normalized on its maximal value gmax at the
interval 1 6 s=s1 < 1.
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normalized on its maximal value gmax at the interval 1 6 s=s1 < 1. The structural parameters g
and X in (2.11) and (2.12) are calculated in this
temperature interval by using the values of the
ﬁtting parameters l; m and relationship (2.8). The
qualitative change of g~ðsÞ is observed when the
microemulsion approaches the percolation
threshold. The power law of the distribution
function at percolation onset testiﬁes that the
macroscopic DCF is the result of the small clusters
averaging with a moderate value of polydispersity.
Thus, near the percolation onset the relaxation
occurs due to the grown of a signiﬁcant number of
parallel small clusters. Near the percolation, the
function g~ðsÞ is governed by the unimodal function
with a well-distinguished maximum [11]. Such behavior is typical for the statistical contribution to
the macroscopic DCF on the scale of the percolation cluster.

3. Dielectric relaxation of water absorbed in porous
glasses
Non-Debye dielectric relaxation in porous silica
glasses is another example of the dynamic properties of complex systems on a mesoscale. The
porous silica glasses obtained from sodium borosilicate glasses are deﬁned as bicontinuous random structures of two interpenetrating percolating
phases, the solid and the pore networks. The pores
in the glasses are connected to each other and the
pore size distribution is narrow. The characteristic
pore spacing depends on the method of preparation, and can be between 2 and 500 nm [59]. A
rigid SiO2 matrix represents the irregular structure
of porous glasses. Water can be easily adsorbed on
the surface of this matrix. The dielectric response
is found to be very sensitive to the geometrical
nano- and mesostructural features of the porous
media and amount water molecules in the adsorptive layer on the pore surface.
The dielectric relaxation properties of silica
glasses over broad frequency and temperature
ranges have been investigated recently [60–63]. The
typical spectra of the dielectric permittivity and
losses associated with the relaxation of water
molecules of the adsorptive layer for the studied
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porous glasses versus frequency and temperature
are displayed in Figs. 9(a) and (b). One can see
that the complex dielectric behavior can be described in terms of the four distributed relaxation
processes.
The ﬁrst relaxation process, which is observed in
the low temperature region from )100 to +10 °C is
due to the reorientation of the water molecules in
ice-like water cluster structures. It was shown that
the hindered dynamics of the water molecules located within the pores reﬂect the interaction of the
absorptive layer with the inner surfaces of the
porous matrix [60,62].
The second relaxation process has a speciﬁc
saddle-like shape and is well marked in the temperature range of )50 to +150 °C. This relaxation
process is thought to be a kinetic transition due to
water molecule reorientation in the vicinity of a
defect [62,63].
The third relaxation process is located in the
low-frequency region and the temperature interval 50–100 °C. The amplitude of this process
essentially decreases when the frequency increases and the maximum of the dielectric permittivity versus temperature has almost no
temperature dependence (Fig. 10). Finally, the
low-frequency ac-conductivity r demonstrates an
S-shape dependency with increasing temperature
(Fig. 11), which is typical for percolation [43,61].
The dielectric relaxation process here is due to
percolation of the apparent dipole moment excitation within the developed fractal structure of
the connected pores [60,61,63]. This excitation is
associated with the self-diﬀusion of the charge
carriers in the porous net. Note that in the distinction from dynamic percolation in ionic microemulsions the percolation in porous glasses
appears via the transport of the excitation
through the geometrical static fractal structure of
the porous medium.
In the high temperature region, above 150 °C,
the glasses become electrically conductive and
show an increase in dielectric permittivity and dielectric losses in the low-frequency limit. This relaxation process thought to be related to the
Maxwell–Wagner–Sillars polarization process because of free charge carriers trapped at the interface, thus causing a build-up of macroscopic
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(a)

(b)

Fig. 9. The typical three-dimensional plot of the complex dielectric permittivity real e0 (a) and imaginary part e00 (b) versus frequency
and temperature for porous glass (sample E).

Fig. 10. The typical temperature dependence (for sample E) of
the complex dielectric permittivity real part at diﬀerent frequencies (j – 8.65 kHz; d – 32.4 kHz; N – 71.4 kHz).

charge separation, or space charge with a relatively
long relaxation time [60].
In this section, we will consider in more detail
the non-Debye dielectric response associated with
percolation through the net of connected pore
channels. The movement of charge carriers results
in a transfer of the electric excitation within the
channels along random paths. A detailed descrip-

Fig. 11. Typical temperature dependence of the low-frequency
ac-conductivity r of the sample E.

tion of the relaxation mechanism associated with
an excitation transfer based on regular and statistical fractal models is introduced in Section 2,
where it was applied to the cooperative relaxation
of ionic microemulsions at percolation. For both
these models the time dependence behavior of the
dipole correlation function WðtÞ may be written in
the form of an asymptotic stretched-exponential
term
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"
WðtÞ ¼ exp 



t
sm

Dp =3

#
:

ð3:1Þ

This result reﬂects the general ideas developed in
[64,65] that transfer of the electric excitation in
various condensed media occur by the transport
from a donor unit to an acceptor unit through
many parallel channels. In order to determine the
value of the fractal dimension Dp of the paths of
excitation transfer within the porous medium, the
relaxation law (3.1) can be further ﬁtted to the
experimental correlation functions. If the fractal
dimension of these paths coincides with the fractal
dimension of the pore space, then it can be used
for obtaining the porosity.
The dielectric relaxation at percolation is analyzed in time domain since the theoretical relaxation model described above is formulated for the
dipole correlation function WðtÞ. For this purpose
the complex dielectric permittivity data were expressed in terms of the DCF using (1.3) and (1.11).
Fig. 12 shows typical examples of the DCF, obtained from the frequency dependence of the
complex permittivity at the percolation temperature, corresponding to several porous glasses
studied recently [60–63].
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As mentioned earlier, the DCF consists of two
processes. Therefore, in order to separate the longtime percolation process, the DCF was ﬁtted as a
sum of two functions. The KWW function (3.1)
was used for ﬁtting the percolation process and the
product (1.14) of the power law and the stretched
exponential function (as a more common presentation of relaxation in time domain) was applied
for the ﬁtting of the additional short-time process.
The values obtained for Dp of diﬀerent porous
glasses are presented in Table 1. The glasses
studied are diﬀering in the way of preparation,
which aﬀects the size of the pores, porosity and
availability of second silica and ultra-porosity
[60–63].
One can see that the fractal dimension of the
excitation paths in sample A is close to unity.
Topologically, this value of Dp corresponds to the
propagation of the excitation along a linear path
that may correspond to a presence of second silica
within the pores. Indeed, the silica gel creates a
subsidiary tiny scale matrix with an enlarged
number of hydration centers within the pores.
Since these centers are distributed in the pore
volume, the excitation transmits through the volume and is not related to the hydration centers
located on the pore surface of the connective
pores. Due to the large number of hydration centers, and the short distance between the neighboring centers, the path can be approximated by a
line with a fractal dimension close to unity.
The fractal dimensions of the excitation paths
in samples B, C, and E have values between 1 and

Table 1
The values of KWW exponent m, fractal dimension Dp , porosity
Um obtained from relative mass decrement (A, B, C and D
glasses) and gas adsorption
  (E, F and G glasses) measurements
and average porosity Up estimated from dielectric spectra for
porous glasses samples
 
Um
Up
Sample
m
Dp

Fig. 12. Semi-log plot of the dipole correlation wðtÞ of all the
samples studied at the temperature corresponding to percolation ( – sample A;  – sample B; M – sample C; O – sample D;
} – sample E;  – sample F;  – sample G). The solid lines are
the ﬁtting curves of the sum of the KWW and the product of
KWW and the power-law relaxation function.

A
B
C
D
E
F
G

0.33
0.63
0.44
0.83
0.65
0.80
0.73

0.99
1.89
1.31
2.50
1.96
2.40
2.20

0.38
0.48
0.38
0.50
0.27
0.43
0.26

0.33
0.47
0.37
0.68
0.49
0.63
0.56
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2. In contrast, to sample A, the silica gel in these
samples is leached out, i.e. water molecules are
adsorbed on the inner pore surface. The values of
Dp observed in samples B, C, and E can be explained in one of two ways. On one hand, the
surface can be defractalized upon deposition of an
adsorbed ﬁlm of water, which results in the
‘‘smoothing’’ of the surface. On the other hand,
the transfer of the excitation in these samples occurs along the inner pore surface from one hydration center to another. The distance between
the centers is signiﬁcantly larger than the smallscale details of the surface texture. Therefore, the
fractal dimension observed is that of the chords
connecting the hydration centers and should be
less than 2, which is in agreement with the data
obtained from the energy-transfer measurements
[66,67].
The fractal dimensions of the excitation paths
in samples D, F, and G are in the range between
2 and 3. Thus, percolation of the charge carriers
(protons) is also moving through the SiO2 matrix
because of the availability of an ultra-small porous structure that occurs after special chemical
and temperature treatment of the initial glasses
[63].
Note that the fractal dimensions discussed here
are the fractal dimensions of the excitation transfer
paths connecting the hydration centers located on
the inner surface of the pores. Due to the low
humidity, all of the water molecules absorbed by
the materials are bound to these centers. The paths
of the excitation transfer span along the fractal
pore surface and ‘‘depict’’ the backbone of clusters
formed by the pores on a scale that is larger than
the characteristic distance between the hydration
centers on the pore surface. Thus, a fractal dimension of the paths Dp approximates the real
surface fractal dimension in the considered scale
interval. In this case, Dp can be also associated
with the fractal dimension Dr of the porous space:
Dp ﬃ Dr . Therefore, the fractal dimension Dp can
be used for porosity calculations in the framework
of the fractal models of the porosity.
The porosity Up of a two-phase solid-pore system can be deﬁned as the ratio of the mean volume
of the whole empty space volume, Vp , to the whole
volume, V, of a sample [68]:

Up ¼

Vp
:
V

ð3:2Þ

Disordered porous media have been adequately
described by the fractal concept [61,69]. It was
shown that if the pore space is determined by its
fractal structure, the regular fractal model could be
applied [61]. This implies that for the volume element of linear size K, the volume of the pore space
is given in units of the characteristic pore size k by
D
Vp ¼ Gg ðK=kÞ r , where Dr is the regular fractal
dimension of the porous space, K coincides with
the upper limit and k with the lower limit of the
self-similarity. The constant Gg is a geometric
factor. Similarly, the volume of the whole sample
d
is scaled as V ¼ Gg ðK=kÞ , where d is the Euclidean
dimension ðd ¼ 3Þ. Hence, the formula for the
porosity in terms of the regular fractal model can
be derived from Eq. (3.2), and is given by
 dDr
k
Up ¼
:
ð3:3Þ
K
In general, in order to embrace variety of porous
media the random fractal model can be considered
[61,69]. Randomness can be introduced in the
fractal model of a porous medium by the assumption that the ratio of the scale parameters
k=K is random in the interval ½k=K; 1 , but the
fractal dimension in this interval is a determined
constant. Hence, Eq. (3.3) reads as
Z 1
 
Up ¼
Up ðn; Dr ÞwðnÞ dn;
ð3:4Þ
n0

where n0 is the minimal value of the scale parameter n in the interval ½k=K; 1 , and wðnÞ measures
the probability density to ﬁnd some scale parameter in the range from n to n þ dn.
For a percolating medium the generalized exponential pore-size distribution function of the
scale for porous medium can be written as
wðnÞ  naw expðaw nbw Þ:

ð3:5Þ

This function accounts for the mesoscale region
and comprises most of the listed distribution
functions [61]. It includes three empirical parameters, aw , bw , and aw . After ascertaining the relationships between these parameters and the
properties of anomalous self-diﬀusion, fractal
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morphology, and polydispersity of the ﬁnite poresize, the physical signiﬁcance can be assigned to
these parameters in the framework of the percolation models [54].
On the length scale, larger than the pore sizes
the morphology of the glass porous space can be
modeled as a random-packed assembly of clusters
formed by pores connected to each other [66,70].
In order to ﬁnd the fractality in such porous
glasses we must assume that the pore structure has
a fractal character in a rather narrow scale range,
i.e. the clusters are self-similar on the scale range
less than two orders of magnitude in length
ðk=K P 0:01Þ. Hence, in the interval ½k=K; 1 the
uniform distribution function, wðnÞ ¼ w0 , can be
chosen as a ﬁrst approximation of the function
derived by Eq. (3.4). The value of wR0 is determined
1
from the normalization condition n0 wðnÞ dn ¼ 1,
and reads as w0 ¼ 1=ð1  n0 Þ. In this approximation, by substituting this uniform distribution
function into integral (3.4) and integrating it, we
obtain the relationship for the average porosity as



Up ¼

r
1
1  n1þdD
0

:
1 þ d  Dr
1  n0

ð3:6Þ

Then, by taking into account that 0:01 6 n0  1
and d ¼ 3, we obtain a simple approximate relationship between the average porosity of a glass
and the fractal dimension of the pore space, which
reads
 
1
Up 
:
ð3:7Þ
4  Dr
Note, that in our approximation, due to the randomized character of the fractal medium, the average porosity of the disordered porous glasses
determined by Eq. (3.7) depends only on the
fractal dimension Dr . The magnitude of the fractal
dimension in Eq. (3.7) depends on the length scale
of a measurement extending from k to over K,
where the minimal scale k and the maximal scale K
are determined by the measurement technique.
The results of the porosity calculation using Eq.
(3.7) together with the fractal dimension determined from dielectric measurements are shown in
the last column of Table 1. These values can be
compared with the porosity Um determined from
the relative mass decrement (A, B, C and D glas-
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ses) and gas adsorption (E, F and G glasses)
measurements shown in the same Table 1. Note
that the values obtained from dielectric spectroscopy coincide with the porosity data obtained
from the relative mass decrement method only for
samples A, B and C. The porosity values for the
other samples obtained through the dielectric
measurements are signiﬁcantly larger. This correlates with the availability of ultra-small porous
structures with penetrability for the smallest
charge carriers (such as protons) [63]. Thus, in the
case of a net of super small open pores, the dielectric response is more sensitive and accurate in
the determination of real porosity than any other
conventional method.

4. Dielectric relaxation in porous silicon
The non-Debye dielectric relaxation was also
observed also in porous silicon (PS) [22,71]. PS
has attracted much attention recently, mainly due
to the interesting optical and electro-optical
properties of PS structures that can be utilized for
device applications [72–75]. So far, most of the
activity in this ﬁeld has focused on the intense
visible photoluminescence (PL) from PS and the
underlying physical mechanism that is responsible
for the generation of light. In addition, transport
and dielectric relaxation phenomena in PS have
also attracted considerable attention for injection
type PS devices. It was mentioned in the previous
section that the correlation between the morphology of porous media and their dielectric properties
have already been studied in works [60,68]. In
many porous media, these phenomena are directly
related to the fractality, and the nano- and the
mesostructural properties of these disordered systems [60,61,76–78]. In principle, one would expect
to ﬁnd a similar correlation between the microgeometry and the dielectric properties of PS media.
However, several experimental reports indicate
that such a simple picture cannot be applied to PS.
For example, dc-conductivity measurements demonstrate the dual transport mechanism that has
been assigned to thermally activated hopping and
exited charged carriers tunneling [79]. As a result,
carriers excited to the band tail would give rise to a
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thermally activated dc-conduction with an activation energy of about 0.5 eV [22,80]. This activation
energy is less than half the optical band-gap of PS
deduced from PL experiments [72]. The ac-conductivity measurements in PS revealed complex
transport properties due to a random walk in
fractal geometry and thermally activated hopping,
as in the case of dc conductivity [22]. Therefore, it
is commonly accepted that both the nanogeometry, the nature of the Si nanocrystallites that form
the PS medium and their surfaces as well as the
host matrix all contribute to the electrical and
optical properties of PS.
The dielectric relaxation properties in PS with
diﬀerent thicknesses have been investigated recently in the broad frequency and temperature
region [71]. The dielectric properties of the PS
samples were measured in the 20 Hz to 1 MHz
frequency range and in the 173–493 K temperature
interval. For all the dielectric measurements, the
amplitude of a sinusoidal ac voltage source was
kept constant at 1 V so that the average electric
ﬁeld across our sample is about 300 V/cm. It was
veriﬁed that the response is linear with respect to
the ac voltage amplitude such that a linear response analysis can be utilized for our sample.
Three-dimensional plots of both the measured
real part e0 and the imaginary part e00 of the complex dielectric permittivity versus frequency and
temperature for 20 lm PS sample are shown in
Figs. 13(a) and (b). From the ﬁgure one can
identify three distinct processes, marked by I, II
and III, deﬁned as follows:
Low temperature process I. This process extends
over low temperatures (170–270 K). Despite the
fact that both the real and imaginary parts of the
dielectric function display this process, it can be
appreciated most by looking at e00 at high frequencies and low temperatures where the local
maximum, which shifted to higher frequencies
with increasing temperature, can be easily detected.
Mid temperature process II. This process extends over the mid-range temperatures (300–400
K) and over low to moderate frequencies (up to
105 Hz).
High temperature process III. This process is
very signiﬁcant at high temperatures (>400 K). Its

amplitude increases very rapidly with decreasing
frequency for both the real and imaginary parts of
the dielectric function. Similar processes were also
observed for the 30 lm thickness sample.
All three processes exhibit a complex non-exponential relaxation behavior, and correspond to
another good example of the non-Debye dielectric
response. Let us consider here in more detail only
the low and middle temperature processes.
4.1. Low temperature process I
Typical spectra of the real and the imaginary
parts of the dielectric permittivity at 233 K for the
30 lm sample are shown in Fig. 14. Excellent ﬁts
for both the real and the imaginary parts of the
dielectric permittivity for all temperatures (170–
270 K) were obtained by taking into account two
HN (Eq. (1.10)) processes and the Jonscher term.
Two relaxation times (s1 and s2 ) are extracted
from the ﬁtting of the HN processes for both
samples and are plotted versus inverse temperature
in Fig. 15. Both relaxation times demonstrate
Arrhenius behavior, sj / expðEa;j =kT Þ, with Ea;j
being the activation energy of the process. The
ﬁtting (shown by the solid lines in Fig. 15, the ﬁrst
and the second relaxation processes) yields activation energies of 0.28 and 0.4 eV for the 20 lm
sample and of 0.2 and 0.3 eV for the 30 lm sample,
respectively. Note that for all temperatures and
samples used in this study b ¼ 1. Hence, the CC
relaxation type is adequate for a description of the
low-temperature relaxation processes in PS.
A model was proposed to explain the existence
of two activation energies corresponding to two
groups of excited states in PS [71], based on the
presentation of PS as a random network of Si
nanocrystallites [73,80]. Hence, these excited states
would contribute to thermally activated transport
processes with temperature dependent relaxation
times as observed in our measurements and shown
in Fig. 15.
4.2. Mid temperature process II and porosity
determination
In the previous work [81], we used a superposition of two Jonscher terms of the form
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(a)

153

(b)

Fig. 13. Three-dimensional plots of the frequency and temperature dependence of the real e0 (a) and imaginary part e00 (b) of the
complex dielectric permittivity for the 20 lm PS sample.

u 1

u 1

B1 ðixÞ 1 þ B2 ðixÞ 2 to describe mid-temperature relaxation processes. The results of our ﬁtting
were in good agreement with those of Ben-Chorin
et al. [22]. They were discussed in terms of the
transport of charged carriers at the diﬀerent scales.
The high-frequency Jonscher exponent was associated with the typical size of the Si nanocrystallites, while the low-frequency (LF) exponent was
assigned to the transport of charged carriers across
a disordered fractal structure of porous silicon
[81–83]. At the same time the mid temperature
process II demonstrates several speciﬁc features
that are similar to those observed in other porous
systems that were discussed in the previous section
[60–63]. The amplitude of this process essentially
decreases when the frequency increases (Fig.
13(a)). Further more, the maximum of the dielectric permittivity versus temperature has almost no
temperature dependence (Fig. 13). Finally, the
low-frequency ac conductivity increases with the
increase in temperature and has an S-shape dependency (Fig. 16), which is typical for percolation
processes [43,61]. Thus, we will analyze this process in the same way we did for percolation in
porous glasses (see Section 3) [60,61,76–78].
The experimental macroscopic DCF for PS
samples with porous layers of 20 and 30 lm, ob-

tained by inverse Fourier transform, are shown in
Fig. 17. The correlation functions then were ﬁtted
by KWW expression (1.12) with determination of
the fractal dimension Dp of the percolation path.
Applying the same routine to determine the porosity in other porous systems [61,76–78], the average porosity of the porous silicon was evaluated
with the help of relationship (3.7). The results are
presented in Table 2. The values of porosity determined from the dipole correlation function
analysis are in good agreement with porosity values determined by weight loss measurements during PS preparation (before and after the
anodization process).
Thus, the non-Debye dielectric behavior in
AOT microemulsions, silica glasses, and PS has
similar properties. These systems exhibit an intermediate temperature percolation process that is
associated with the transfer of the electric excitations through the random structures of fractal
paths. It was shown that at the mesoscale range
the fractal dimension of the complex material
morphology (Dr for porous glasses and Ds for the
microemulsions) coincides with the fractal dimension Dp of the path structure. This value can be
evaluated by the ﬁtting of the experimental DCF to
the stretched-exponential relaxation law (3.1).
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Fig. 15. Arrhenius plot (semi-log scale versus the inverse temperature) of the two characteristic relaxation times, s1 (j) and
s2 (d) for the 20 lm sample, and s1 () and s2 (s) for the 30 lm
sample, for low temperature process I.

Fig. 14. The measured real (top) and imaginary (bottom) parts
of the complex dielectric permittivity versus frequency at low
temperature (233 K). The dashed lines marked J, HN 1 and HN
2 are the Jonscher term (1.13) and the two HN (1.12) semiempirical terms, respectively, used for ﬁtting of the experimental data points (d). The solid lines are superpositions of the
above terms, which ﬁt the experimental data. The sample
thickness is 30 lm.

5. Symmetric dielectric spectrum broadening in
disordered materials
In the previous sections, we presented several
examples of the non-exponential dielectric response in time domain. These have all obeyed the
two models developed in Section 2. These models
enable us to determine some topological properties
of the investigated complex systems. However, the
frequency representation has its own advantages.
In particular, the non-dissipative part of the system response to an external perturbation and the
dissipative part are clearly separated in frequency
domain as the real and imaginary parts of the
complex permittivity, while in time domain these

Fig. 16. Temperature dependence of the low-frequency conductivity of the 20 lm sample (d), and the 30 lm sample (N).

eﬀects are ‘‘mixed’’ together in the relaxation
function. The separation of response itself and
dissipative eﬀects in time domain is not obvious,
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Fig. 17. Semi-log plot of the macroscopic correlation function
of the 20 lm sample (d) and the 30 lm sample (N) at the
temperature corresponding to percolation. The solid lines correspond to the ﬁtting of the experimental data by KWW relaxation function.

Table 2
The values of KWW exponent m, fractal dimension Dp , porosity
Um obtained fromrelative
mass decrement measurements and

average porosity Up estimated from dielectric spectra for
porous silicon samples of 20 and 30 lm thickness [71]
 
Um
Up
Sample
m
Dp
thickness
20 lm
30 lm

0.88
0.87

2.64
2.61

0.78
0.75

0.74
0.72

although it is possible in principle by using the
appropriate integral transform. In spite of the existence of the one mapping between the time and
frequency domain by the Laplace transform, the
separation in frequency representation may at
times be more convenient for analysis of the dynamic processes in complex systems.
5.1. Relaxation peak broadening and its relationship
to the dynamical and topological properties
As mentioned in the introduction, the experimental dielectric response in frequency domain for
most complex systems cannot be described by a
simple Debye expression (1.6) with a single dielectric relaxation time. In most general way this
dielectric behavior can be described by the phenomenological HN formula (1.10).
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Usually the exponents a and b are referred to as
measures of symmetrical and unsymmetrical relaxation peak broadening. These names are the
consequence of the fact that the imaginary part of
the complex permittivity for the HN dielectric
permittivity shows power-law asymptotic forms
Imfe ðxÞg  xa and Imfe ðxÞg  xab in the lowand high-frequency limits, respectively. The experimental data show that a and b are strictly
dependent on temperature, structure, composition,
pressure and other controlled physical parameters
[2,15,16,84–91]. There is no complete understanding or universal models of these dependencies for
the time being. However, over the last years signiﬁcant progress in this direction has been made
[19,20,27–29,92–98]. Many eﬀorts [99–101] were
undertaken in order to understand the relaxation
dynamics of the glass-forming liquids and diﬀerent
polymer mixtures before the work [102] where the
concentration ﬂuctuation model was introduced.
In the framework of this model, a reasonable explanation of the a-relaxation process in homogeneous polymer mixtures was presented. Although
the relaxation peak broadening was discussed in
[102] there are no relationships derived for exponents a and b versus structural or dynamical parameters.
This kind of non-exponential response is observed in numerous physical systems and does not
only describe their dielectric properties. For instance, in the works [95,96] the Monte Carlo simulation of random walks on two-dimensional
fractal structures was carried out. It was shown
there that the complex susceptibility of this process
has the power-law frequency asymptotic similar to
the HN type. Moreover, the model coupling theory
[87] ascribes to the power-law exponents a universal nature by virtue of the universality of the
correlation functions for diﬀerent dynamical variables.
There is also a set of works where the mathematical formalism of fractional calculus [103,104]
was applied to the anomalous diﬀusion and relaxation problems. The physical applications as
well as the mathematical issues of fractional calculus were recently investigated in the book [93].
The review [27] discusses anomalous diﬀusion in
detail. In the works [19,20,92], the relaxation
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equation for the HN processes was obtained.
Nevertheless, for the time being there is no
unambiguous clear understanding of the non-exponential response in complex disordered heterogeneous systems. Therefore, an understanding of
the relationship between a and b exponents and
the physical properties of the systems is very important.
In this section we will consider the speciﬁc case
of the HN formula b ¼ 1, 0 < a < 1, corresponding to symmetric relaxation peak broadening or to
the so-called CC law [13]. The complex dielectric
permittivity e ðxÞ for the CC process is represented in the frequency domain as
e ðixÞ ¼ e1 þ

es  e1
:
1 þ ðixsÞa

ð5:1Þ

In order to explain the non-Debye response
(5.1) it is possible to use the memory function
approach [19,20,27,92,105–107]. Thus, the normalized dipole correlation function WðtÞ corresponding to a non-exponential dielectric relaxation
process obeys the equation
Z t
dWðtÞ
¼
mðt  t0 ÞWðt0 Þ dt0 ;
ð5:2Þ
dt
0
where mðtÞ is the memory function, and t is the
time variable. The speciﬁc form of the memory
function is dependent on the features of relaxation.
After Laplace transform (1.4), in virtue of the
convolution form, Eq. (5.2) reads as
pF ðpÞ  1 ¼ MðpÞF ðpÞ;

ð5:3Þ

where F ðpÞ and MðpÞ are Laplace images of WðtÞ
and mðtÞ. Combining (5.3) with (5.1) and taking
into account the relationship between the complex
permittivity and the correlation function, (1.3),
one can obtain the Laplace image of the memory
function for the CC process in the form
MðpÞ ¼ p1a sa :

ð5:4Þ

Since 0 < a < 1 the exponent in Eq. (5.4)
1  a > 0. The mathematical implication is that
MðpÞ (5.4) is a multi-sheet function of complex
variable p. In order to represent this function in
the time domain one should to select the schlicht
domain using supplementary physical reasons
[108]. These computational constraints can be

avoided by using Riemann–Liouville fractional
diﬀerential operator 0 Dt1a . By deﬁnition [103,104]
of the Riemann–Liouville fractional diﬀerentiation
operator
c
0 Dt ½hðtÞ

¼

d c1
½hðtÞ ;
0D
dt t

0 < c 6 1;

ð5:5Þ

where
v
0 Dt ½gðtÞ ¼

1
CðmÞ

Z

t

ðt  t0 Þ

v1

gðt0 Þ dt0 ;

0

0 < v 6 1;

ð5:6Þ

is the Riemann–Liouville fractional integration
operator. In this last formula CðmÞ ¼ Cðm; 0Þ is the
complete Gamma-function. Thus, from the deﬁnitions one can easily see that the Laplace image of
1a
½WðtÞ is
0 Dt
L^½0 Dt1a ½WðtÞ ¼ p1a F ðpÞ  C;
where
C ¼ Da
t ½WðtÞ jt¼þ0 :

ð5:7Þ

Taking (5.7) into account we can rewrite Eq. (5.2)
with the memory function (5.4) as follows:
dWðtÞ
¼ sa 0 Dt1a ½WðtÞ :
dt

ð5:8Þ

Note that the relationship between the complex
permittivity and correlation function (1.3), together with Eq. (5.1) leads directly to the requirement that C ¼ 0.
Eq. (5.8) was already discussed elsewhere
[19,20,92,109] as a phenomenological representation of the dynamic equation for the CC law.
Thus, Eq. (5.8) shows that since the fractional
diﬀerentiation and integration operators have a
convolution form it can be regarded as consequence of the memory eﬀect. A comprehensive
discussion of the memory function (5.4) properties
is presented in [19,20,92]. Accordingly, Eq. (5.8)
holds for some cooperative domain and describes
the relaxation of an ensemble of microscopic units.
Each unit has its own microscopic memory function md ðtÞ, which describes the interaction between
this unit and the surroundings (interaction with
the statistical reservoir). The main idea of such an
interaction was introduced
in [19,20,92] and sugP
gests that md ðtÞ  i dðti  tÞ (see Fig. 18). It
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reﬂects the interrupted interaction between the
relaxing unit and its neighbors. The time moments
ti (the time position of the delta functions) are the
moments of the interaction. The sequence of ti ,
constructs a fractal set (the Cantor set for example) with a fractal dimension 0 < df 6 1. This
statement is related to the idea that cooperative
behavior provides some ordering and long lasting
scaling. Following these assumptions the memory
function mðtÞ for a cooperative domain can be
obtained as a result of averaging over the ensemble
of md ðtÞ (see Fig. 19 Rwhere for more convenient
t
representation IðtÞ ¼ 0 mðt0 Þ dt0 is plotted instead
of mðtÞ. The requirements of measure conservation
in the interval ½0; 1=f and conservation of the
fractal dimension df for all md ðtÞ give this averaging as [19,92]
Z 1=2
mðtÞ ¼
md ðfu tÞfuð1df Þ du
1=2

and
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Fig. 19. Schematic presentation which illustrates averaging
of mðtÞ
R t over an ensemble of microscopic units. Here
IðtÞ ¼ 0 mðt0 Þ dt0 . Curve 1 corresponds to the cooperative ensemble of a single microscopic unit with ti distributed by the
Cantor set. Curve 2 represents the ensemble of three units of the
same type, Curve 3 – 10 units. Curve 4 corresponds to 1000
units in ensemble. The latter exhibits the power-law behavior
IðtÞ  tln 2= ln 3 .

ð5:9Þ

MðpÞ  p1df :
Thus, the memory function (5.4) is a cooperative
one and the CC behavior appears on the macroscopic level after averaging over the ensemble of
microscopic dipole active units. Comparing (5.4)
and (5.9) one can establish that a ¼ df . This result
once again highlights the fact that in this model the
fractal properties on a microscopic level induce the
power-law behavior of memory functions (5.4),
(5.9) and CC permittivity (5.1) on a macroscopic
level.
By deﬁnition [55,56], the fractional dimension is
given by

Fig. 18. Schematic picture of md ðtÞ dependency. ti are the time
moments of the interaction that construct in time a fractal
Cantor set with dimension df ¼ ln 2= ln 3 ﬃ 0:63.

df ¼ a ¼

lnðN Þ
:
lnðfÞ

ð5:10Þ

Here the scaling parameter f is the dimensionless
time interval size and N is the number of delta
functions (relaxation acts) in that interval. However, a characteristic time constant of the CC
process is the relaxation time s: Thereby, the
scaling parameter f and the relaxation time should
be proportional to each other
s
f¼ :
ð5:11Þ
s0
The constant minimal s0 is the cutoﬀ time of the
scaling in time.
In the general case, diﬀerent physical conditions
can determine the fractal properties of the microscopic memory function md ðtÞ and, consequently,
the power-law time dependence of the macroscopic
memory function (5.9). However, there is a computer simulation proof [95] that an anomalous
relaxation on a fractal structure exhibits a CC
behavior. Therefore, one can suppose that the
memory function (5.9) has its origin in the geometrical self-similarity of the investigated system.
Thus, the scaling parameter N actually is the
number of points where the relaxing units are interacting with the statistical reservoir (i.e. by the
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ergodic assumption – the number of relaxation
acts on a microscopic level for a cooperative domain). The assumption of geometrical self-similarity of the considered system suggests that this
number is
 dG
R
N ¼G
:
ð5:12Þ
R0
Here, dG is a spatial fractal dimension of the point
set where relaxing units are interacting with the
surroundings. R is the size of a sample volume
section where movement of one relaxing unit occurs. R0 is the cutoﬀ size of the scaling in the space
or the size of the cooperative domain. G is a geometrical coeﬃcient about unity, which depends on
the shape of the system heterogeneity. For example, the well-known two-dimensional recurrent
fractal Sierpinski
carpet has dG ¼ lnð8Þ= lnð3Þ 
pﬃﬃﬃ
1:89, G ¼ 3=4  0:43 [55].
The relaxation process can be accompanied by
a diﬀusion act. Thereby, the mean relaxation time
for such kinds of disordered systems is the time
during which the relaxing microscopic structural
unit would move a distance R. The Einstein–
Smoluchowski theory [110,111] gives the relationship between s and R as
R2 ¼ 2dE Ds;

laxation data of the water in the mixtures with
seven water-soluble polymers were presented
there. It was found that in all these solutions relaxation of water obeys the CC law, while the bulk
water exhibits the well-known Debye-like pattern
[112,113]. Another observation was that a is dependent not only on the concentration of solute
but also on the hydrophilic (or hydrophobic)
properties of the polymer. The seven polymers
are: poly(vinylpyrrolidone) (PVP; weight average
molecular weight (Mw) ¼ 10,000), poly(ethylene
glycol) (PEG; Mw ¼ 8000), poly(ethylene imine)
(PEI; Mw ¼ 500,000), poly(acrylic acid) (PAA;
Mw ¼ 5000), poly(vinyl methyl ether) (PVME;
Mw ¼ 90,000), poly(allylamine) (PAlA; Mw ¼
10,000), and poly(vinyl alcohol) (PVA; Mw ¼
77,000). These polymers were mixed with diﬀerent
ratios (up to 50% of polymer in solution) to water
and measured at a constant room temperature
(25 °C) [89].
Here we would like to sketch a recent application [114] of model (5.14) to these systems. In Fig.
20 the experimental dependencies of CC exponent
a versus s together with the ﬁtting curve are presented. The values of the ﬁtting parameters are in
Table 3.

ð5:13Þ

where D is the diﬀusion coeﬃcient and dE is the
Euclidean dimension. Thus, combining the relationships (5.10)–(5.13) one can get the relationship
between the exponent a and the mean relaxation
time in the form
a¼

dG lnðsxs Þ
;
2 lnðs=s0 Þ

ð5:14Þ

where xs ¼ 2dE G2=dG D=R20 is the characteristic frequency of the diﬀusion process. This equation
establishes the relationship between the CC exponent a, the relaxation time s, the geometrical
properties (fractal dimension dG ), and the diﬀusion
coeﬃcient (through xs ).
5.2. Polymer–water mixtures
The ﬁrst mention of the aðsÞ dependencies was
in the experimental work [89]. The dielectric re-

Fig. 20. CC exponent a versus relaxation time s for PVA (d),
PAlA (N), PAA (j), PEI (r), PEG (s), PVME (M) and PVP
() samples. The curves correspond to the model described in
Section 5. The full symbols correspond to the hydrophilic
polymers and the open symbols correspond to the hydrophobic
samples.
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Table 3
The space fractional dimension dG , the cutoﬀ time of the scaling in the time domain s0 , the characteristic frequency xs and estimated
self-diﬀusion coeﬃcient for the polymer water mixturesa
Sample

dG

PVA
PAlA
PAA
PEI

1:56
1.43
1:12
1:33

PEG
PVME
PVP

1:54
1:38
1:00

xs  1011 (Hz)

s0 (ps)
0:09

0:74

0:21

D  109 (m2 s1 )

0:17
0:02

7:18
6.46
6:34
4:89

0:83
0:45

1:47
1.74
2:08
2:67

0:68
0:40

3.31
3.92
4.68
6.01

0:04
0:10
0:01

4:45
3:58
0:79

0:74
1:23
0:11

2:78 0:63
4:24 2:47
127 34

6.26
9.54
286

a
For the sample PAlA there are only three experimental points. For this reason it is impossible to determine the mean square
deviation value and consequently the conﬁdence intervals for the ﬁtting parameters.

It is well known [112,113] that the macroscopic
dielectric relaxation time of the bulk water (8.27 ps
at 25 °C) is about 10 times greater than the microscopic relaxation time of a single water molecule, which is about one hydrogen bond lifetime
[115–118] (about 0.7 ps). This fact follows from
the bulk water associative structure when the
macroscopic relaxation time reﬂects the cooperative relaxation process in some cluster of water
molecules.
In the framework of the model presented above
the microscopic relaxation time of water molecule
is equal to the cutoﬀ time of the scaling in time
domain s0 . For the most hydrophilic polymer,
PVA, the strong interaction between the polymer
and the water molecule results in the greatest value
of microscopic relaxation time s0 , only 10% less
than the macroscopic relaxation time of the bulk
water. The most hydrophobic polymer, PVP, has
the smallest value of a single water molecule microscopic relaxation time, which is almost equal to
the microscopic relaxation time of bulk water (see
Table 3). Therefore, weakening the hydrophilic
properties (or intensifying the hydrophobic properties) results in a decreasing of interaction between the water and the polymer and consequently
in the decrease of s0 .
The interaction between the water and the
polymer occurs in the vicinity of the polymer
chains and only the water molecules situated in
this interface are aﬀected by the interaction. The
space fractal dimension dG in this case is the dimension of the macromolecule chain. If a polymer
chain is stretched as a line, then its dimension is 1.

In any other conformation, the wrinkled polymer
chain has a larger space fractal dimension, which
falls into the interval 1 < dG < 2. Thus, it is possible to argue that the value of the fractal dimension is a measure of polymer chain meandering.
Straighter (probably more rigid) polymer chains
have dG values close to 1. More wrinkled polymer
(probably more ﬂexible) chains have dG values
close to 2 (see Table 3).
The presence of a polymer in the water aﬀects
not only the relaxation but the diﬀusion of the
solvent as well. For an estimation of the diﬀusion
coeﬃcient, we can use the following expression:
Dﬃ

xs R20
;
2dE

ð5:15Þ

which is directly derived from the deﬁnition of the
characteristic frequency xs . It was assumed in this
last expression that the geometrical factor G ¼ 1.
In our case the scaling cutoﬀ size in space is equal
 [119].
to the diameter of a water molecule R0  3 A
The Euclidean dimension of the space where diffusion occurs is the nearest integer number greater
than the fractal dimension. Thus, dE ¼ 2. The results of this estimation are in Table 3. The diﬀusion coeﬃcient for the bulk water [119] at 25 °C is
2:57  109 m2 s1 . The presence of a polymer in
the water prevents clusterization of water and relieves the diﬀusion. However, the strong interaction between polymer and water for hydrophilic
samples slows down the diﬀusion. The competition
of these two eﬀects leads to the clear tendency of
the diﬀusion coeﬃcient to increase with an increase
of hydrophobicity (see Table 3).
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Note that the polymer aﬀects only water molecules situated in the vicinity of the polymer chains.
Thus, the estimated diﬀusion coeﬃcient corresponds only to these water molecules and is not
dependent on the polymer concentration. The averaged self-diﬀusion coeﬃcient estimated for the
entire polymer–water mixture should be diﬀerent
depending on the polymer concentration.
5.3. Microcomposite material
Another example of an application of Eq. (5.14)
is on microcomposite polymer material. We have
performed dielectric measurements of the glass
transition relaxation process in a nylon 6,6 quenched sample in amorphous (QN), crystalline nylon
6,6 sample (CN) and microcomposite sample
(MCN), which is the same crystalline nylon 6,6 but
with incorporated kevlar ﬁbers [120].
The quantitative analysis of the dielectric spectra of the glass-transition process was carried out
by ﬁtting the isothermal dielectric loss data according to the HN law (1.10). It was found from
the ﬁtting that b ¼ 1 for the glass-transition process in all of the samples. The glass-transition relaxation process in these systems is due to the
motion of a polymer chain that is accompanied by
a diﬀusion act. In general, the diﬀusion of a
polymer chain is more complex than the Brownian
model for diﬀusion [121,122]. However, in all the
models the dependence of hR2 i on time t is linear in
the time scales associated with a monomeric link
and in the time scale associated with the mobility
of the entire chain. For this particular example,
Eq. (5.13) describes the mobility of the polymer
groups in the microscopic levels, i.e. at the scale of
a monomeric link.
The experimental a versus s dependencies for
these samples, together with the ﬁtting curves, are
shown in Fig. 21. Note that in contrast to the
previous example, these data are obtained at a
constant sample composition. In this case, variations of parameters a and s are induced by temperature variation. As mentioned above, the
exponents a as well as the relaxation time s, are the
functions of diﬀerent experimentally controlled
parameters. The same parameters can aﬀect the
structure or the diﬀusion simultaneously. In par-

Fig. 21. The dependence of a versus relaxation time s for QN
(), CN (N) and MCN (r) samples. The curves correspond to
the model described in Section 5.

ticular, both a and s are functions of temperature.
Thus, the temperature dependence of the diﬀusion
coeﬃcient in (5.13) should be considered. Let us
consider the temperature dependence of diﬀusion
coeﬃcient D,
D ¼ D0 KðT Þ;

ð5:16Þ

where KðT Þ is a dimensionless function that represents temperature dependence of the diﬀusion
coeﬃcient. D0 is the appropriate constant with the
dimension [m2 s1 ]. An increase of the diﬀusion
coeﬃcient with increasing temperature also signiﬁes an increase of the characteristic spatial scale R0
(cutoﬀ size of the scaling in the space). Let us assume that R20 is proportional to the diﬀusion coeﬃcient D and obeys the Einstein Smoluchowski
theory
R20 ¼ 2dE Dsmax ;

ð5:17Þ

where smax is the long-time limit of the scaling.
Thus, combining together (5.16) and (5.17) with
(5.11)–(5.13) we can obtain the relationship between the CC exponent a and relaxation time s in a
form similar to (5.14)
a¼

dG lnðsx0 Þ
2 lnðs=s0 Þ

ð5:18Þ

with substitution of xs by x0 ¼ G2=dG =smax . The
latter relationship shows that under assumption
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(5.17) the temperature dependence of the diﬀusion
coeﬃcient does not change the form of the a versus
s relationship.
The average length of a nylon 6,6 polymer chain
is about 50–100 lm (each polymer chain contains
about 105 groups while the length of a polymer
). This length is comparable
group rg is about 10 A
to the thickness of a sample 120–140 lm [120].
Thus, the movement of the chains is most likely
occurring in the plane of the sample. This fact
correlates with the values of the space fractional
dimension dG . For all of the samples dG 2 ð1; 2Þ
(see Table 4). Thereby, the Euclidean dimension of
the space in which chain movement occurs is
dE ¼ 2.
Although there is no unambiguous data for
the mesoscale structure of the samples under
investigation at this time, nevertheless it is possible to estimate the order of magnitude of some
physically signiﬁcant quantities from the cutoﬀ
time s0 and characteristic frequency x0 values.
Despite the fact that x0 and xs have diﬀerent physical signiﬁcance, for the estimation one
can neglect temperature dependence of the diffusion coeﬃcient and assume that R20  1016 m2
(R0 is the cube root of the volume occupied by
one polymer chain), G  1. Then, the self-diﬀusion coeﬃcient evaluated by expression (5.15)
falls into the interval 1014 to 1013 m2 s1 ,
which is typical for such polymer materials [123–
125].
The cutoﬀ time s0 is related to the size of the
cooperative domain lc by l2c ¼ 4Ds0 . Thus, in the
two-dimensional case one can estimate the number
of polymer groups ng in the cooperative region as
ng ¼ l2c =rg2  102 , which is in fair agreement with
the results obtained in the paper [126].

Table 4
The space fractional dimension dG , the cutoﬀ time of the scaling
in the time domain s0 and the characteristic frequency x0 for
polymer quenched (QN), crystalline (CN) and microcomposite
samples (MCN)
Sample

dG

QN
CN
MCN

1:12
1:20
1:04

0:01
0:05
0:02

s0 (ms)

x0 (kHz)

1:1
5:8
1:5

5:9
9:7
8:1

0:1
4:4
0:4

0:3
1:9
0:7
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One can also see from Table 4 that the presence
of either the crystalline phase or the kevlar ﬁbers in
a sample leads to an increase of the cutoﬀ time s0 ,
indicating a slowdown of the relaxation process.
Their presence also leads to an increase of the x0
value as well. This is a manifestation of a decreasing mobile polymer chain length.

6. Discussion
Generally speaking, through all the previous
sections we tried to present several recent applications of two non-Debye dielectric relaxation
models: the model relaxation induced by the percolation process (dynamic or static) and the model
of CC relaxation. These models describe the
properties of the phenomena discussed and provide some general information about the investigated disordered materials.
The electric percolation phenomena in diﬀerent
systems such as ionic microemulsions, porous silicon, and porous glasses can actually be analyzed
in the framework of one universal approach based
on the idea of charge carrier transport through the
fractal network clusters. This model describes the
growth of the fractal pre-percolation clusters.
The other model describes CC relaxation in
polymer–water mixtures, microcomposite and
polymer material. The main idea of this model is
the interrupted fractal interaction between the
microscopic units and the surroundings. These two
models are quite general. It is shown above that
each model is applicable to diﬀerent systems with
diﬀerent charge carrier natures and diﬀerent types
of interactions with surroundings.
Nevertheless, each model is applicable only to
one particular phenomenon and does not consider any basic ideas of ‘‘strange kinetic’’ behavior. Obviously, the ‘‘strange kinetic’’ is a very
wide class of phenomena, which cannot be covered by the limited number of models, and has
few speciﬁc features. Most famous among these
characteristics is the power-law (or stretched exponent) asymptotic with a fractional exponent for
the dipole correlation function in time domain or
dielectric permittivity in frequency domain (see
Eq. (1.10) and (1.12)–(1.14)). Another property of
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the ‘‘strange kinetic’’ is that this class of phenomena is inherent to many-particle cooperative
systems. Such complex matter cannot be considered as a simple sum of elementary units but rather should be regarded as a whole system due to
the interactions between the elementary components. In a wide sense the word ‘‘interaction’’
represents not only the interaction with some
kind of physical far-ranging ﬁeld (say an electromagnetic ﬁeld) but can also mean a geometrical (or even a quantum) constraint, or other type
of coupling. Consequently, it should be interesting and useful to ﬁnd general origins to start, and
then one can derive a whole variety of ‘‘strange
kinetic’’ patterns.
Since ‘‘strange kinetic’’ is a property of macroscopic many-particle systems it can be analyzed in terms of statistical mechanics. The basic
idea of statistical mechanics is the relaxation of
the perturbed system to the equilibrium state. In
general the distribution function qðp; q; tÞ of a
statistical ensemble depends on the generalized
coordinates q, momentum p and time t. However, in the equilibrium state it does not depend
explicitly on time [111,127–130] and obeys the
equation
o
qðp; q; tÞ ¼ 0:
ot

ð6:1Þ

The evolution of the distribution function to the
equilibrium state is governed by the so-called
Liouville equation (evolution equation)
oqðp; q; tÞ
¼ iLqðp; q; tÞ;
ot

ð6:2Þ

where L is the Liouville operator. Thus, by
virtue of (6.2) the evolution operator L determines the dynamical properties of the statistical
system. The speciﬁc form of this operator is dependent on the Hamiltonian function H [111,
127–130] as
Lg ¼ ifH ; gg;
where fH ; gg are
classical statistical
X oH
fH ; gg ¼
oqk
k

ð6:3Þ
the Poisson brackets. In the
mechanics

og oH og

:
ð6:4Þ
opk opk oqk

For the quantum mechanics the functions H, g
become operators H^ and g^, and fH^ ; g^g obtains
the commutator from fH^ ; g^g ¼ 2p=ihðH^ g^  g^H^ Þ,
where h is the Plank constant.
Therefore, the consistent study of the manyparticle system dynamics (in particular the
‘‘strange kinetic’’) should start by establishing the
H and then solving the evolution equation (6.2).
Unfortunately, examples of such calculations are
very rare and valid for limited classes of model
systems (like Ising model) since extended calculations. In particular, to the best of our knowledge,
the relaxation patterns (1.10) and (1.12)–(1.14) still
are not being derived this way.
In this section, we consider the problem from
the opposite side. We will assume that (1.12)–
(1.14) are given and try to guess what statistical
properties leads to the ‘‘strange kinetic’’ behavior.
Let us ﬁrst examine the equilibrium state (6.1). The
formal solution of (6.1) gives
qðp; q; tÞ ¼ const:

ð6:5Þ

Recently the new concept of fractional time
evolution was introduced [93]. In addition to the
usual equilibrium state (6.5), this concept leads to
the possibility of the existence of an equilibrium
state with power-law long-time behavior. In this
case the inﬁnitesimal generator of time evolution is
proportional to the fractional time derivative operator 0 Dtt (5.5) [93]. Obviously, the derivation
order t should be dependent on the properties of
the cooperative system, although there is no clear
understanding for the time being how t depends
on these properties.
Nevertheless, let us call the ‘‘fractional equilibrium state’’ the state of the statistical system that
obeys the following:
t
0 Dt qðp; q; tÞ

¼ 0:

ð6:6Þ

We will discuss this state in relation to the recent
approaches of the anomalous diﬀusion theory [27].
It is well known [111,127–129] that by virtue of the
divergent form of Poisson brackets (6.4) the evolution of the distribution function qðp; q; tÞ can be
regarded as the ﬂow of a ﬂuid in the phase space.
In this interpretation the Liouville equation (6.2)
becomes analogous to the continuity equation for
a ﬂuid
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oq
þ divðqvÞ ¼ 0;
ot

ð6:7Þ

where distribution function q is interpreted as the
density of a ﬂuid and v is its local velocity. Let us
extend this analogy. The continuity equation accompanied by the relationship between the gradient of the ﬂuid density and its ﬂux (Darcy law for
the liquid ﬂow or Fourier law for heat ﬂow for
instance) [131,132]
gradðqÞ ¼ #qv

ð6:8Þ

gives
oq
¼ #Dq;
ot

ð6:9Þ

where # is the appropriate constant that characterizes permeability of the space and D is the Laplace diﬀerential operator. From a mathematical
point of view Eq. (6.9) is analogous to the diﬀusion
equation where q is regarded as the density of
diﬀusing particles and # is proportional to the
appropriate diﬀusion coeﬃcient.
It is well known that the diﬀusion equation can
be obtained in two ways. The ﬁrst is based on the
equation of continuity and the relationship between the ﬂuid density gradient of its ﬂux (Eqs.
(6.7)–(6.9)). The second way is the probabilistic
approach developed from the theory of Brownian
motion [27,110,111,127,128]. This approach does
not appeal to the local diﬀerential equations like
(6.7) and (6.8), but considers the probability of
jumps between the sites of some lattice. There is an
extension of this approach for the case when the
lengths of the jumps as well as the waiting times
between jumps are random. This is the so-called
continuous time random walk (CTRW) scheme
[27,133–135]. By applying diﬀerent probability
distribution functions for waiting time and jump
length one can obtain diﬀerent types of diﬀusion
patterns [27]. In particular, if the characteristic
waiting time diverges because of a long-tailed
waiting time probability distribution function
(proportional to tð1þtÞ ), but the jump length
variance is still kept ﬁnite, then diﬀusion equation
(6.9) obtains a fractional derivation [27] instead of
the ﬁrst derivation on time on its left-hand side
t
0 Dt q

¼ #t Dq:

ð6:10Þ
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Here the parameter #t has a physical meaning
similar to # in (6.9), but with diﬀerent a physical
dimension. 2
Now let us reiterate that diﬀusion equation (6.9)
can be derived in two ways. Using a continuity
equation and using the Brownian motion approach. By analogy one can imply that Eq. (6.10),
a generalization of Eq. (6.9), can be derived not
only in the framework of the CTRW scheme but
also by using some analog of the continuity
equation as well. The diﬀerence between Eqs. (6.9)
and (6.10) is only in time derivation. Thus,
the analog of continuity equation (6.7) that corresponds to the anomalous diﬀusion equation
(6.10) is
t
0 Dt q

þ divðqvt Þ ¼ 0:

ð6:11Þ

Let us call it the ‘‘anomalous continuity equation’’.
There are two main features that distinguish this
equation from (6.7). The ﬁrst is that (6.11) becomes non-local in time by virtue of the convolution form of the fractional derivation operator 0 Dtt .
Second, in spite of the diﬀerent physical dimension
[m st ], the quantity vt has a physical meaning
similar to the local velocity v.
Now let us return back to the Liouville equation. It was already mentioned that this equation
can be regarded as a continuity equation. Thus,
there is a possibility to establish an evolution
equation not only in the usual form (6.2) but also
based on the anomalous continuity equation (6.11)
as well
t
0 Dt qðp; q; tÞ

¼ iLqðp; q; tÞ:

ð6:12Þ

This equation implies an equilibrium state in the
(6.6) form.
Thus, the fractional equilibrium state (6.6) can
be considered a consequence of the anomalous
transport of phase points in the phase space that
results in the anomalous continuity equation
(6.11). Note that the usual form of evolution
equation (6.2) is a direct consequence of the

2
In the general case a term proportional to qðt ¼ 0Þ should be
added to the right-hand side of (6.10) but by choosing the
appropriate initial conditions it can be subtracted. Thus, we will
not discuss this term.

164

Y. Feldman et al. / Chemical Physics 284 (2002) 139–168

canonical Hamiltonian form of microscopic
motion equations. Thus, the evolution of (6.12)
implies that the microscopic equations of motion
are not canonical. The actual form of these equations has not yet been investigated. However, there
is great suspicion that in this case dissipative eﬀects
on the microscopic level become important.
If we assume factorization of time dependency
in the distribution function, then the formal solution of (6.6) is
 t1
t
qf ðp; q; tÞ ¼ qf ðp; q; sf Þ
;
ð6:13Þ
sf
where t P sf , qf ðp; q; sf Þ and sf depend on the
initial conditions. Obviously, the assumption
about factorization of time dependency for the
distribution function is not universal. However,
this type of factorization is justiﬁed when the
equilibrium and non-equilibrium (in the ordinary
sense) parts of distribution function qðp; q; tÞ are
orthogonal to each other in the phase space
[130].
The interpretation of any distribution function
as a probability density function in the phase space
leads to the requirement
Z Z
dp dq
qðp; q; tÞ
¼ 1;
ð6:14Þ
N !h3N
where 3N is the number of degrees of freedom.
This normalization is based on the uncertainty
relation that establishes the minimal phase cell as
dpk dqk P h. Substitution of the solution (6.13) in
(6.14) gives
 t1
Z Z
N
t
qf ðp; q; tÞ dp dq ¼
¼ 1;
N !h3N sf
ð6:15Þ
where
Z Z
N¼
qf ðp; q; sf Þ dpdq
is a constant. Thus from (6.15) one can get
 t1
N !h3N
t
¼
;
ð6:16Þ
sf
N
which for t < 1 indicates a decrease in the number
of degrees of degrees of freedom.

From one point of view, (6.16) can be interpreted as a manifestation of the non-canonical
nature of the microscopic motion equation and
supports the idea of an impact of dissipative eﬀects
on the microscopic level (for time scale t < sf ).
From another point of view (6.16) can be related
to the ‘‘coarse graining’’ of the phase volume
minimal cells. The concept of fractional evolution
is the result of consequent acting of the averaging
operator [93]. Each acting of the averaging operator is equal to the loss of information regarding
the short-time mobility and is closely associated
with the renormalization approach ideas [136].
A simple example of this ‘‘coarse graining’’ is
that of two masses in the viscous media connected
by a spring. The spring here represents an interaction between the microscopic particles while
viscosity reﬂects the dissipative eﬀects. Now let us
discuss the situation when one mass is exposed by
some mechanical perturbation with a wide spectrum (say the d-impulse of force). In the beginning
the motions of the masses are almost independent
of each other. The viscosity eﬀect then leads to a
decay of the high-frequency modes of mobility and
the motions of masses become more and more
correlated. At the initial times, one should observe
the motion of two centers of gravity while at the
longer time interval it is enough to know the position of the joint center of gravity. Thus, the
‘‘coarse graining’’ eﬀect leads to a reduction in the
number of degrees of freedom.
The reduction of degrees of freedom can also be
regarded as the transition from the non-correlated
state to the state with long-range space correlations, and can be accompanied the phase transition. This is the reason the renormalization
approach was used for the ﬁrst time to describe the
phase transition phenomena [111,128,136]. The
theory of the phase transitions investigates the dependency of macroscopic physical quantities (like
sample magnetization or polarization vectors) on
the external parameter (like external ﬁelds or
temperature) values. The changes of the degrees of
freedom are the result of competition between
external perturbations (say temperature) and internal interactions.
In contrast to the phase transitions in the
fractional equilibrium state (6.6) the statistical
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system looses degrees of freedom during evolution
in time. The degrees of freedom, independent at
the short-time limit, become dependent later due
to the interactions (in the wide sense coupling,
constraint, etc.) and dissipative eﬀects.
The distribution function for the fractional
equilibrium state (6.13) can be utilized to calculate
the of macroscopic dipole correlation function
(1.11). The statistical averaging designated h  i in
(1.11) is performed over the equilibrium ensemble
(in the usual sense) with a distribution function
that does not depend explicitly on time. If we regard the evolution of the DCF as a fractional
equilibrium state (6.6), then by using properties of
statistical averaging and the Liouville operator
[129,130] we can transfer time dependence of the
dynamic variable MðtÞ to time dependence of the
distribution function qf ðp; q; tÞ. Thus, instead of
hMð0ÞMðtÞi in (1.11) we use hMð0ÞMð0Þif , where
subscript f means that statistical averaging was
performed with distribution function (6.13). In this
case one can get
hMð0ÞMðtÞi hMð0ÞMð0Þif
¼
hMð0ÞMð0Þi
hMð0ÞMð0Þi
RR
Mðp; q; 0ÞMðp; q; 0Þqf ðp; q; tÞ dp dq
¼RR
Mðp; q; 0ÞMðp; q; 0Þqðp; q; 0Þ dp dq

/ðtÞ ﬃ




t
sf

t1
;

ð6:17Þ

t P sf :

Thus, one can regard the power-law dependence of
relaxation function (1.13) as a result of the fractional equilibrium state (6.6).
In order to understand the stretched exponential behavior of DCF (1.12) let us discuss
Gibbs phase exponent gG ¼  ln qðp; q; tÞ. This
quantity plays a special role in statistical mechanics and relates to the entropy of the system.
If Gibbs exponent obeys fractional evolution
equation
m
0 D t gG

¼ 0;

ð6:18Þ

then the distribution function is

qg ðp; q; tÞ ¼ qg ðp; q; 0Þ exp



t
sg

m1 !
;

ð6:19Þ
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where qg ðp; q; 0Þ and sg depend on the initial conditions. A calculation analog to (6.17) shows that
this distribution function leads to the KWW dependency of the DCF. Thus, in the framework of
the fractional time evolution concept the powerlaw time dependence of the relaxation function
behavior (1.13) and the stretched exponential relaxation (1.12) can be regarded as two diﬀerent
realizations: the fractal equilibrium state of the
distribution function and the fractal evolution of
Gibbs phase exponent.
A similar ideology can also be the basis of the
relaxation pattern (1.14) when these two diﬀerent
types of fractal evolution simultaneously coexist
for two subspaces ðpf ; qf Þ and ðpg ; qg Þ of the total
statistical system phase space ðp; qÞ. In this case the
total distribution function qf g ðp; q; tÞ is the product of two statistically independent distribution
functions qf ðpf ; qf ; tÞ andqg ðpg ; qg ; tÞ:
 t1
t
qf g ðp; q; tÞ ¼ qg ðpg ; qg ; 0Þqf ðpf ; qf ; sf Þ
sf
 m1 !
t
 exp 
;
ð6:20Þ
sg
that can be related to the relaxation pattern (1.14).
The relaxation law (6.20) has been observed in
the case of dynamic percolation in ionic microemulsions (see Section 2). Below the percolation
threshold, the relaxation process is provided by
two types of mobility: mobility of the pre-percolation clusters and mobility of the charge carriers
inside these clusters. The ﬁrst type of mobility is
governed by the power law (1.13) while the second
type exhibits stretched exponential behavior (1.12)
[54]. Thus, there are two subspaces of degrees of
freedom: the ﬁrst is related to the mobility of prepercolation clusters as a whole and the second
reﬂects the mobility inside the clusters. Approaching the percolation threshold pre-percolation clusters grow and become an inﬁnite (or very
large for a real ﬁnite size system) percolation
cluster at the threshold. At this point mobility of
the cluster is impossible, as ﬁrst subspace of degrees of freedom disappear and the relaxation
function obtains the stretched exponential pattern
(1.12). Far from the percolation, one ﬁnds the
opposite situation. The pre-percolation clusters are
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small, second subspace degrees of freedom are not
yet developed and the relaxation function obeys
the power law (1.13).
Obviously, the arguments represented in this
section are not rigorous. They are the hints rather
than the proofs. Nevertheless, we discuss them
here for the following reasons. We have exposed
quite a few diﬀerent models of ‘‘strange kinetic’’
phenomena and we have presented a few of them
above (see Sections 2–5). However, in our opinion,
there is no uniﬁed ideology yet that can explain the
backgrounds of the ‘‘strange kinetics’’. Thus, we
have tried not to answer, but rather raise questions
and present new points of view on the problem.
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