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/ Outline

. Conformational transitions on different time scales

. Equation of rotational diffusion
Eigenfunctions of free diffusion Liouville operator

«  Conformational transitions and associated system of linear
differential equations

. Eigen and non-Eigen decompositions

« Abel’simpossibility and the way we trick it:
Time domain vs. Frequency domain.

What to expect: lllustrative calculations




l Time scale of Conformational transitions '

State A T C




Time scale of Rotational diffusion

D, B 1
‘D= 2(Dy + D, +D,)




Conformation transitions on different time scales

State A

Slow Exchange

T, > T

/Approximation of two species
with two different structures

and two diffusion tensors

DA and PB




Conformation transitions on different time scales

Fast Exchange

State A

T, K Ty

/Approximation of single conformer
with one averaged structure

and one averaged diffusion tensor

D




Conformation transitions on different time scales

Intermediate Exchange

State A

Tc ~ Tp




I Rotational diffusion of Rigid molecule '

Orientation correlation function

€, (t) = (P [n(t) - n(0)]) L

Spectral density

Fourier transform Ji(w)

Linear Combination

Experimental observables: R1, R2 etc.



l Rotational diffusion of Rigid molecule '

Orientation correlation function

D
€, (t) = (P n(t) - n(0)]) -
\pectral density
Ji(w)
Statistic averaging

(...) =ff . p(Q, t]Q%)p,, (Q°) dQdQ°

1
0y —
peq(-Q ) —ﬁ

Isotropic environment



l Rotational diffusion of Rigid molecule h

Equation for Green’s function

dp(Q,t]Q° SN
a atl ):—LTCDLp(.Q,tl.QO) )

Initial conditions

p(Q, t]Q%)| =40 = 6(Q — Q)

Operator of spatial rotations
TT
L" ={Ly,Ly L;}

S L (9 0 0
L:L[TXV] v:{ax’ay’az}

F. Perrin (1934, 1936); L.D. Favro (1960)



l Rotational diffusion of Rigid molecule b

Equation for Green’s function

dp(€Q, t]Q°%)

= —I™L p(Q, t|Q° -
5 p(Q,t|Q°)

Eigen functions ‘P#m(ﬂ) of LT®L operator

L™®L ¥ (Q) = En¥inn(Q)

Ansatz Solution

/

p(Q, tmO)—Z Z Chun (O W (D)

=0 mn=-1

L.D. Favro (1960)



‘ Rotational diffusion of Rigid molecule i

Equation for Green’s function

dp(€Q, t]Q°%)

= —IT®L p(0, t|Q° -
= p(Q,t|Q°)

Eigen functions llf,im(ﬂ) of LT®L operator

L™®L ¥ (Q) = En¥inn(Q)

© L Solution
—
p(Q,£10) = Z > WO @
=0 mn=-1
Wigner rotation

/ matrix
Pl () = Z AL (D1 D,,D,)D0 ()
k=-1

L.D. Favro (1960)



Rotational diffusion of semi-Rigid molecule

Conformation transition between
discrete set of states

* Molecule tumbles in isotropic solvent

* Molecule exchanges between discrete
conformations & = A, B, ...

* In each conformation state molecule is rigid
and have diffusion tensor ¢

* The transition time is much shorter than the time
which molecule spends in any conformation

Berne, Pecora (1968); Wong, Case and Szabo (2009)



‘ Rotational diffusion of semi-Rigid molecule i

Equations for Green’s functions

e (Q, t|Q° o
P (at | )=—LT:D€Lp€"(Q,t|QO)

[+ Z K., pP(Q, tl.().o)]

UEE

~

Conformation exchange

Initial conditions

\ (— Dezakea kag : )
K = :

kpa — ez Kep
P (Q, t]Q%)] o yo = 8y 8(Q — Q°)

Berne, Pecora (1968); Wong, Case and Szabo (2009)



I Rotational diffusion of semi-Rigid molecule '

Equations for Green’s functions

e (Q, t|Q° o
P (at | )=—LT®€Lp€"(Q,t|QO)

+ ) Koy p1(0,610%)

UEE

Eigenfunctions are not available

in chokieal§orms




l Rotational diffusion of semi-Rigid molecule '

Equations for Green’s functions

Op(Q, £10°) _
ot

—LYDL p(Q, t|Q°) + Z Ke, p*(€, t]Q°)

UEE

Ansatz of non-eigen decomposition

pEN(Q, £1Q°, 0) = Z Z ¢ (DD (@) \
=0 g,q=-1
Wigner rotation

r : / matrix
, l l
V(@) = ) As,DR(05)DE(@)

kp=-—1




l Rotational diffusion of semi-Rigid molecule '

Equations for Green’s functions

Op(Q, £10°) _
ot

—LYDL p(Q, t|Q°) + Z Ke, p*(€, t]Q°)

UEE

Ansatz of non-eigen decomposition

e (Q, £Q°, 0) = z Z ¢ (DY (@)
=0 g,q=-1

Unitary transformation between

sets of ¥, (.Q)

/ and (l) ()

-

l
Ust =) Dy @)

n=-—|




l Rotational diffusion of semi-Rigid molecule h

Equations for decomposition coefficients

acl (t) 1
Z URES VST (0 + ) Koy ol (6)

s,q=-—1 HFE

Initial conditions

1 .
Cl mn( )| D() (‘0‘0)587‘]

t= +O 87‘[
Formal Solution

P (Q, 00, 0) = Z Z e (DY ()

=0 g,q=-1



I Rotational diffusion of semi-Rigid molecule '

Equations for decomposition coefficients

acl (t)
l i l N
E U ES' U Telh (O + § Key el (6)

s,q=—1 UEE

Ryabov, Clore, Schwieters (2012)



l Rotational diffusion of semi-Rigid molecule i

Equations for decomposition coefficients (no restrictions)

l

ac; ! (t)
I == ) URESUSCT (04 ) Keuclih ©
s,g=-—1 UFE

Ryabov, Clore, Schwieters (2012)

Equations for decomposition coefficients (axial symmetry and co-linearity of the
axes of symmetry)

Af; ()
flat =—[l(l+1)®i+m2(®ﬁ— )]fl (t)+ZKeufz (t)

UEE

Berne, Pecora (1968); Wong, Case and Szabo (2009)



l Rotational diffusion of semi-Rigid molecule i

Equations for decomposition coefficients

n Matrix Form
aCl,m(t) n / k€ = k
—at = Mlcl,m(t) — en

UAEAUAT — kAIzz+1 kaplai41
M, = kpalzi41 USEPIUPT — kP14,
ot (D BN 0
[Clm(t)] : ES! = : - :

lm l(t) 0 - Ef'll



l Rotational diffusion of semi-Rigid molecule '

Equations for decomposition coefficients

n
0im® _ (t)
ot  Lim Block dimension (21 + 1)
UAEAUAT — k41g041 kaplaitq
M, = kpaloi1 UBLIEBIUBHT — kPl 4

Nstates



I Rotational diffusion of semi-Rigid molecule '

Equations for decomposition coefficients

ac! (t)
Im . n
“or ~ Min(®)
M; dimension Ngegres(21+ 1)
[=1 Dielectric spectroscopy
[ =2 NMR, ligh scattering



I Rotational diffusion of semi-Rigid molecule '

Equations for decomposition coefficients

oc) ()

ot = Mlczm(t)

M; dimension Nggres(20+ 1)

-

No solution in closed forms for sz (t)

Evenfor [ = 1 and Ngiqtes = 2

due to Abel impossibility theorem (1824)




l Rotational diffusion of semi-Rigid molecule i

Equations for decomposition coefficients

in frequency domain
o=y +iw

O'Clm(O') — mn(t)|t o = Mlclm(a) \

Complex frequency

_ n <
Clm(a) [Cz,m(t)] < Laplace transform

Initial conditions
(l)* 0
20+ 1 (Q) /
o
- &



l Rotational diffusion of semi-Rigid molecule '

Equations for decomposition coefficients
in frequency domain

Clm(g) — (UINstates(21+1) Ml) ¢ mn(t)|

VA

t=+0

/

u4iQatyait kaplai+1
kpalzisq UB’IQB’IUB'IJr

Q4! = E®' + (k® + 0) 544

/

Matrix inversion does NOT
depend on solving Eigen problem

No restrictions from Abel theorem




l Rotational diffusion of semi-Rigid molecule '

Green’s functions in frequency domain

551(0, 0100, 0) = Z Z & (@)D (@)

=0 g,q=-1

Green’s function in time domain

(0, £]Q0, 0) = z Z e (DN (@)

[=0 g,q=-1




‘ Rotational diffusion of semi-Rigid molecule i

Correlation function in frequency domain

€)= || (w0100 0)peg () %
[

% Z Dl Q) Dy (M) Do (Qpr) Dy o (Qmar) A d 0y
mk,k’'=-1

Correlation function in time domain

C(t) = ff p(Qum t| Q0 0)peq (QE0) X

X Z Dﬁk(QLM)D;nkr(Q ) Dic (QMI)D o (D) dQLmd Yy
mkJe =—1



l Rotational diffusion of semi-Rigid molecule h

Correlation function in frequency domain (no restrictions)

Ryabov, Clore, Schwieters (2012)

C‘(U)=4—ﬂ Y/ (Q)AS TR (6)A™Y] (Q, )P,
[ 20+ 1 [ el l nlJteq
&n

Correlation function in time domain (axial symmetry and co-linearity
of the axes of symmetry )

l

Berne, Pecora (1968); Wong, Case and Szabo (2009)



l Rotational diffusion of semi-Rigid molecule '

Correlation function in frequency domain (no restrictions)

C;(0) - Y/ (Q)AS TR (6)A™Y] (Q, )P,
l 20+ 1 [ el [ nlJteq
&n

Spectral density

Jiw) = Re{Cy(o)] __,}

/

Experimental observables: R1, R2 etc.



Illustrative calculations

, Estimations of XplorNIH @ 300 K
El dimer

Kpa DE =2916x 107 [s71] T4 =5373 [ns]
ialsi D4 = 31.47 x 107 [s71]

D4 =3243x107 [s71]

DB =1571x 107 [s!] 78 =79.99 [ns]
DE = 15.82 x 107 [s~"]
DB =30.99 x 107 [s71]

Assumptions

Symmetric motions Qap:{aag = 0,848 = 0,yap = 0}

Equal occupation Pl =P =1/2 kap = kpa



R/R,

‘ Illustrative calculations i

600 -

500 ~

400

300 -

200 -+

100

NMR relaxation rates for 600 MHz @ 300 K

N- terminus

= 155.57 [ns™1]

| r =
q 4 + 12

C- terminus

v 1 v 1 o | v 1 v 1 v 1
0 100 200 300 400 500 600
residue #



R/R,

| Illustrative calculations i

NMR relaxation rates for 600 MHz @ 300 K

600 -

500 ~

400

300 -

200 -+

100

kslow - 01 X k
k = = 155.57 [ns~1!
4 + 18 [ |

|
200

1
300
residue #

I
400

1
500

|
600



R/R,

l Illustrative calculations b

NMR relaxation rates for 600 MHz @ 300 K

600

500 -+

400 -

300 ~

200 -

100 -

|
| Ik
‘ | \ | i
[ il |
‘ N, | “ I’w' ! “l’ \ | ';

0 100 200 300 400 500 600

residue #

kSlOW - 01 X k

k = = 155.57 [ns~1!
4 + 18 [ |

kfast — 10 X k




I Concluding notes '
ﬂ)ur Model

. Provides closed form solutions in frequency domain
ready for evaluation of spectral density etc.

. Provides known limiting cases and is reproduced by
Monte Carlo simulations

. Not universal: discusses only the transitions between
discrete states

. However, accounts for arbitrary symmetry of diffusion
tensors, arbitrary reorientation of molecules upon
conformation transition, and coupling between diffusion
tumbling and conformation exchange
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